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Dynamic Analysis of Bearingless Tail Rotor Blades Based
on Nonlinear Shell Models
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The unique structural features of helicopter bearingless rotors call for the development of design and modeling
methodologies for laminated composite flex-structures. Indeed, the flex-structure should be flexible enough to
replace the flap, lead-lag, and feathering bearings, while maintaining high strength and stiffness in the axial
direction. Laminated composite materials are a material of choice for such an application. Chordwise defor-
mations, transitional zones between different cross sections and localized compressive stresses are all likely to
be present in the flex-structure, rendering the validity of a beam model questionable. In this article a nonlinear
anisotropic shallow shell model is developed that accommodates transverse shearing deformations, and arbitrarily
large displacements and rotations, but strains are assumed to remain small. The displacement-based shell model
has six degrees of freedom at each node and allows for an automatic compatibility of the shell and beam models,
the model is validated by comparing its predictions with several benchmark problems. A four-bladed composite
bearingless tail rotor system is analyzed in detail using the shell model and compared with the predictions of a
beam model. Significant differences are observed between the two models, especially in the torsional behavior.

Introduction

M OST of the helicopters that are in service today employ
either an articulated or a teetering rotor.1-2 In recent

years, there has been considerable interest in alternate design
with an eye toward mechanical simplicity and increasd reli-
ability and maintainability. The hingeless and bearingless ro-
tor concepts are an outgrowth of such efforts.

In an articulated rotor three bearings are placed near the
hub attachment of the blade and provide rigid body motions
for the blade in flapping, lead-lag, and feathering. This con-
trasts with the bearingless rotor3 where all three bearings are
replaced by a single flex-structure that provides the required
flapping, lead-lag, and pitching flexibility. The design speci-
fications of this flex-structure are unique: on the one hand,
the flex-structure must be strong enough to carry the large
centrifugal forces and bending moments, and on the other
hand, it must be very flexible as to provide "effective hinges"
in flap, lead-lag, and pitching. The design specifications are
particularly severe concerning the torsional stiffness that must
be kept extremely low, otherwise the power required by the
actuator that control the blade's pitch angle will be unac-
ceptably high.

Filamentary composite materials are a material of choice
for such application. In a unidirectional lay-up configuration,
the high strength and stiffness fibers will provide the high
axial strength required to carry the centrifugal loads and bend-
ing moments, and the matrix material will determine to a
large extent the torsional behavior of the structure. However,
a purely unidirectional lay-up is clearly an unrealistic choice:
the transverse and shearing strength of this configuration are
very low, and its long-term structural integrity would rely
solely on the matrix material. Furthermore, its damage tol-
erance characteristics are likely to be rather poor. This means
that some off-axis fibers will be required, and a three-dimen-
sional fiber architecture such as that obtained by three-di-
mensional braiding techniques appears to be well-suited for
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this application, even though the off-axis fibers will increase
the torsional stiffness. This "material tailoring" takes advan-
tage of the intrinsic anisotropy of nearly unidirectional com-
posite to attempt meeting the design specifications, however,
it is unlikely to be sufficient, rendering "geometric tailoring"
a necessity.

Geometric tailoring consists of changes in the flex-struc-
ture's cross section. For instance, a rectangular section with
a small depth-to-width ratio will present a low flap bending
stiffness, forming a virtual flap hinge. However, this section
would yield a very high lead-lag bending stiffness. Rotating
the section 90 deg would clearly reverse these features. On
the other hand, a cruciform-type cross section might have
desirable torsional characteristics. It is clear that no one sec-
tion is likely to possess all the desirable attributes, and the
optimal design might involve a number of different cross sec-
tion and transitional zones.

Finally, the loading environment in which the flex-structure
must operate is very severe. The structure must carry very
large centrifugal loads, large oscillatory flap bending moments
and shear forces due to the time varying aerodynamic lift
forces, large oscillatory lead-lag bending moments due to
aerodynamic drag forces and flap induced Coriolis forces, and
the torsional loads associated with the pitch setting control
mechanism and aerodynamic moments. Furthermore, all these
forces generate finite displacements and rotations in the flex-
structure. These geometric nonlinearities are compounded by
the large centrifugal loads which render very significant com-
monly ignored nonlinearities.

A flex-structure is clearly a very complex component whose
intricate dynamic behavior is at the heart of the rotor system.
The design and analysis of such a structure is a major challenge
that involves the proper modeling of composite materials with
highly anisotropic properties, complex geometric configura-
tion, and strongly nonlinear dynamic behavior.

State-of-the-art models for the structural analysis of heli-
copter blades and flex-structure consist of nonlinear compos-
ite beam models.4 A fundamental assumption underlies many
of these models: the cross section of the beam is assumed to
be undeformable in its own plane, even though out-of-plane
warpings are sometimes allowed. This assumption results in
accurate models for helicopter blades that often have closed
sections with a core material to prevent any in-plane defor-
mation, however, it is questionable when applied to flex-
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structures with an open cross section. The first important
deviation from this assumed deformation pattern is the likely
presence of chordwise bending: for a thin rectangular section
with a nearly unidirectional lay-up, the chordwise bending
stiffness is very low and is likely to result in significant chord-
wise deformation. In the nonlinear regime, these chordwise
deformations will affect both bending and torsional behavior
and are a source of additional flexibility of the structure.
Furthermore, local stress distributions are not likely to be
accurately predicted by beam theory. It was shown in Ref. 5
that the geometric stiffening of a beam with an open cross
section depends on the distribution of axial stresses, and hence,
cannot be accurately predicted by a beam theory involving
stress resultants only. It will be shown in this article that the
torsional behavior of flex-beams is particularly sensitive to
centrifugal stiffening.

In view of this discussion, it is clear that a beam model is
inadequate to capture the dynamic behavior of composite flex-
structures. Bauchau and Chiang6 have proposed a nonlinear,
anisotropic shell model that accommodates transverse shear-
ing deformations and arbitrary displacements and rotations,
but small strains. The finite element is based on a mixed
formulation where displacements, internal forces, and mo-
menta are three independent field variables. The mixed for-
mulation alleviates the shear locking phenomena. However,
cubic interpolation functions must be used for displacements
and rotations of this element to give satisfactory behavior.
The resulting model is computationally expensive as it in-
volves the solution for three unknown fields and requires a
high order element.

This article will focus on the development of a computa-
tionally efficient, displacement-based, nonlinear shallow shell
element. This new model has six degrees-of-freedom (DOF)
at each node, considerably easing its use in complex structural
configurations, as it allows the direct assembly of elements
involving finite rotations such as beams and shells, and their
intersection at arbitrary angles. Arbitrary large displacements
and rotations are allowed, but strains are assumed to remain
small, the effect of high anisotropy of the material on both
in-plane and bending behaviors of the structure are modeled
rationally. The possible presence of elastic coupling is allowed
in the model. Transverse shearing deformations are also taken
into account as moderately thick structures are to be modeled.

Shell Model
Let r() be the position vector of an arbitrary point on the

middle surface of the shell, and let £ be the material coor-
dinate along the normal /i, so that the position vector of an
arbitrary material point of the shell can be written as (see
Fig. 1)

r(fl
9 e, () = JoK1 , ̂  + £n(€l, f2) (1)

where £* and £2 are material coordinates used to represent
the shell's midsurface.

The coordinates f 1 , £2, £ form a set of curvilinear coordi-
nates that are a natural choice of coordinates to describe the
shell, and assume that £l and £2 are chosen to be the lines of
curvature. The base vectors7 of the undeformed shell are

ga = [I - (£/Ra)]aa, ft = n (2)

where Ra, a = 1,2, are the principal radii-of-curvature.
The metric tensor7 of the undeformed configuration is g/7

- Si'Sj- Note that the base vectors are mutually orthogonal,
but are not unit vectors, except for the normal vector g3. It
is convenient to introduce a triad at the shell's midplane

ea = (««/VO, c3 = n (3)

where aaa are the first fundamental forms of the surface.

After Deformation

Before Deformation

Fig. 1 Geometry of the shell.

The triad ef can be viewed as a rotation of the base reference
triad i, through a given rotation matrix tT (£*, £2) such that

e = tTi (4)

Let R be the position vector of an arbitrary material point
after deformation. The base vectors in the deformed config-
uration are

dR

and these base vectors at the midplane become

dR dR

(5)

(6)

The basic assumption used in this work is a material line
originally straight and normal to the midplane of the shell
does not stretch and remains straight. However, it is not nec-
essarily normal to the deformed midplane of the shell. This
assumption departs from the Kirchhoff-Love assumption since
it does allow transverse shearing deformations. Based on this
assumption, the position vector after deformation can be writ-
ten as

R = (7)

where E3 is a unit vector, due to the assumed inextensibility
of a normal material line.

If the displacement vector of the midplane is denoted u,
then

R = (8)

Due to in-plane straining of the plate, the vectors E{ and E2
do not remain unit vectors, nor orthogonal to each other. A
triad e* can be defined as follows:

(9)
E3 = e?

where ell9 e22, e2l, el2, e13, and <?23 are unknown, strain-related
parameters. The derivatives of this triad with respect to the
material coordinates are

0
0
K,.

Kl (10)
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The base vectors in the deformed configuration are ob-
tained by combining Eq. (5) to Eq. (10), to find

(11)

+ (gl2 - #:,',)

2/V^) = (e2l

+ (1 + e22 -

The metric tensor in the deformed configuration can be read-
ily obtained as G;, = G, G,.

The Green-Lagrange strain components ffj are defined as
fij = ?(Gjj - gij). These strains are expressed in the material
curvilinear coordinate system defined by the base vector g,-.
It is more convenient to express these strain components in
the locally rectangular coordinate system defined by the mid-
plane base vectors ef of the undeformed configuration. These
two sets of strains are related by7:

dap da"

finite rotation components that define the finite rotation ten-
sor 71.

Strain Energy Expression
The strain energy of a shell structure can be written as

= ue+ us

(12)

(18)

where Us is the shearing strain energy; Ue is membrane and
bending strain energy; ek = Un , £22, yk\2\T* ancl 7A = Lyl^
T2sJr ai~e the in-plane and out-of-plane strain components
both defined in Eq. (13); Qk

e is the fcth ply in-plane stiffness
matris; Qk

s is the k\h ply shearing stiffness matrix; Sm is the
midplane surface; and h is the thickness of the shell.

Ueis

-,*£* dS,,,
(19)

We now focus our attention on shallow shell structure, i.e.,
initial curvatures l/Ra are assumed to be small compared with
unity. Furthermore, the strain-related parameters etj, and cur-
vature related strains £K.fj are also assumed to remain small
compared with unity, the strain-displacement relationships
then become

£22 = K22 = K12

K12 =

23 - 2e23 (13)

~ Kn

The strain and curvature components must now be related
to the displacement components. The midplane displacement
vector is resolved in the base triad as

u = ulil 4- u2i2 + w3i"3

Combining Eqs. (6), (8), and (13) yields:

= [tja + (uj jaj

(14)

(15)

The triad ef can be viewed as a rotation of the base ref-
erence triad i, through an unknown rotation tensor Te(gl, £ 2)
such that

(16)

Identifying the base vectors at the shell's midplane in Eqs.
(9) and (15), and with the help of Eq. (16), the strain related
parameters are obtained as

2el3

e22

1*23

= tTTT
e

0
1
0
(17)

With this formulation an ambiguity remains about the ori-
entation of the ef triad, which can freely rotate about the
normal e*. To eliminate this ambiguity, the constraint el2 —
e2l is added to the formulation. This constraint relates the
rotation about the normal to the in-plane displacement pro-
viding the shell a stiffness with respect to a torsional moment
normal to its surface. The model has six kinematic DOF: the
three midplane displacement components uh and the three

where e* = \_en e22 el2 + e2l KU K22 K12]T are the through-
the-thickness average in-plane strain components, and C* is
the average through-the-thickness membrane and bending
stiffness matrix.

(20)

where e* = \_2el3 2e23]T are the average shear strain com-
ponents, and C* is the average through-the-thickness shear
stiffness matrix.

Kinetic Energy Expression
Before evaluation of the kinetic energy function, several

sets of triad are defined first as shown in Fig. 2. Let the triad
/ be an inertial reference frame, and the triad i be a frame
undergoing rigid body translation Pr and rigid body rotation
R with respect to the 7 frame. The triad e oriented along the
material coordinates of the shell structure before deformation
is related to the triad i by the initial position vector r() and a
known rotation matrix t. The triad e, which is used to describe
the material coordinates of a shell structure after deformation,
is related to the triad e by an elastic displacement vector u
and an unknown rotation matrix Te.

The position vector P, of an arbitrary point of the shell can
be written as

P = P, + r() + u + c (21)

where c is the position vector from the midplane to an arbi-
trary point of the shell. The components of P in the inertial
frame / are

pi/i = £ = p\A + ' /?m( r[/ i + Mm)

Wc^ = P,. + /?(£o + + RTetc (22)

where the notation (•)' ] is used to define the reference frame
in which the corresponding tensor components are measured,
and c = c^ = [0 0 £\T.

The inertial velocities are now

P\n = pin + + M) + RU + (RTet + RTet)c (23)
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Fig. 2 Coordinate systems.

and expressed in the deformed frame become

where

v* = tTTT
ev = ),fc) + M) + RTPr]

(24)

(25)

tTw*

and Wj. are the components of the skew symmetric matrix, wr
= RTR\ w* are the components of the skew symmetric matrix,
M>* = T^Te. Finally, the inertial velocity of a material point
in the deformed triad e becomes

P = v -
v*

(26)

The kinetic energy of the system is

= i f f ' ' = I f *r * *
~~2JsmLp P ^ m~2Jsm- ~

I I
where v*T = _i>_*T, w*T_ are the velocities

m
0
0
0

0
m
0

0
0

0
0
m
0
0
0

0
-m3

0

(T
0

(m, m,, m33) = (28)

and m()() is a fictitious moment of inertia corresponding to the
in-plane rotation DOF.

In the finite element approximation, nine-noded Lagran-
gian elements were used. The midplane displacement com-
ponents uh and the three finite rotation parameters defining
the finite rotation tensor Te are all interpolated using quad-
ratic shape functions. In this work the conformal rotation
vector is used to parametrize the finite rotations. The con-
straint el2 = e2i is enforced via a penalty formulation.

Validation of the Formulation
The performance of the present shell element was validated

by solving several benchmark problems, which include 1) shear
locking, 2) cylindrical bending, 3) drilling DOF, 4) shell roof,
5) nonlinear response, and 6) natural frequency. The exe-
cution time for the present displacement-based formulation
was found to be a factor of 6 faster than the mixed formulation
of Ref. 5.

£•i.
G~
O

Mesh:
_°. -9?^?r9?Ls-'_s.9\?are.
.9. .̂ ?8ra PB®! ^H.4??!? _

Heterosis. distorted
• Lagrange. distorted

""""CPT"'"" ""—•"—•—"

*V

a)
3*10° 1C? ICf icf io4

Span ratio

0.4 0.75

ICf icf

0.35 0.65 0.9

0.25 0.6 0.1 0.35 0.65

b) 2X2 3X3 4X4
Fig. 3 Shear locking study: a) center deflection of a plate under
uniform loading and b) distorted meshes.

Shear Locking
The first benchmark problem deals with the shear locking

phenomenon. In order to eliminate shear locking, this shell
element employs selective-reduced quadrature, i.e., full in-
tegration for evaluating the bending and membrane stiffness
terms while one-order less quadrature for calculating shearing
stiffness terms and the constraint (this is referenced to as a
"Lagrange element"). Although spurious kinematic modes
can occur with this formulation, they are suppressed by the
clamped boundary condition associated with typical flex-
structures. Figure 3a shows the center transverse deflection
of a rigidly clamped square plate subjected to a uniformly
distributed load vs plate thickness. The excellent correlation
with analytical results for even an extremely thin plate (width-
to-thickness ratio of 106), clearly demonstrate that the present
formulation does not lock for both rectangular and distorted
meshes (see Fig. 3b). The Heterosis element8 exhibits the
locking phenomena when distorted meshes are used.

Cylindrical Bending
The second benchmark problem deals with the cylindrical

bending of a plate for which analytical results9 are available
based on the three-dimensional theory of elasticity. Classical
laminated plate theory (CPT) results are also available10 (CPT
is based on the Kirchhoff-Love assumptions, i.e., neglected
shearing deflection). The square plate of length L with highly
anisotropic material is simply supported along two opposite
edges and subjected to a sinusoidally distributed transverse
loading P = P0 sin(7r;c/L). Two different lay-ups were con-
sidered, a [90 deg/0 deg]r unsymmetrical laminate, and a [0
deg/90 deg/0 deg]r symmetric laminate.

This problem was treated in Ref. 5, and an excellent cor-
relation is observed between the present results, those of Ref.
5, and the three-dimensional elasticity solution for the mid-
span deflection, whereas CPT underestimates transverse de-
flection for a low aspect ratio. Good correlation is found for
the stress distribution for large plate width-to-thickness aspect
ratios S > 10, however, when S = 4, large discrepancies are
observed between the three-dimensional elasticity solution
and the present results. This means that both the mixed and
the present displacement-based formulations are good at pre-
dicting the overall stiffness of the plate (as shown by the good
correlation in overall transverse deflection), whereas local
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Table 1 Results of slab-to-column connection

103 X Q7A

Table 2 Tip deflections of a twisted plate

103 X

Couples of forces
Concentrated moments
Beam theory

0.07890
0.07894

0.39450
0.39470

0.394662
0.394662
0.394662

1.0

1.0

. 2: L 1.0
A

1.0

200 200
Fig. 4 Slab supported by a central column.

Model
Plate 1 x 12
Plate 3 x 18
Beam 8
Analytical

Q =
U2

1.7153
1.7171
1.7187

1.0

U3
1.7479
1.7499
1.7496
1.750

P =
U2

5.4212
5.4183
5.4293
5.426

1.0

U3
1.7151
1.7171
1.7187

Fig. 6 Scordelis-Lo shallow roof structure.

Fig. 5 Twisted plate under tip loads.

stress prediction can be fairly inaccurate for thick plate. This
does not seem to be a major limitation of the model because
it is intended for the dynamic analysis of rotor flex-structures,
and not for local stress predictions.

Sixth DOF
In order to test the performance of the sixth DOF of the

shell (i.e., rotation normal to the plane of the shell), two
different structural configurations are studied in the third
benchmark problem. First, a horizontal square slab is sus-
tained by a vertical central column and loaded by a resultant
in-plane moment Mz = 800 Ibf, which is applied by four
horizontal forces or by four concentrated moments, acting at
the corners as shown in Fig. 4. The material properties are
Young's modulus E = 2 x 106 psi, Poisson's ratio v = 0.3,
the plate thickness h = 1.0 in., the width of the slab is 2C
= 400 in., the height of the column is L = 300 in., and the
column's St. Venant torsional stiffness is 790.55 lb-in.2.

The response of corner A of the slab is shown in Table 1.
UA and VA are the horizontal displacements of corner A in the
x and y directions, respectively, 0ZA is the in-plane rotation
of corner A. Since the plate is rather stiff compared to the
column, 0ZA also indicates the overall rotation of the slab.
The rotation </> is the twist value at the connection between
the slab and column, measured as the tip rotation of the beam.
As observed in Table 1, the present results are good agree-
ment with beam theory, and indicate the correct behavior of
the sixth DOF as a means of transferring the loads from the
plate to the beam.

Next, a cantilever plate of rectangular cross section with
span L = 12 in., width b = 1.1 in.,and thickness h = 0.32
in., and a twist of 90 deg over its length, is subjected to a
concentrated unit load (either P = 1 Ib or Q = 1 Ib) at its

6x6 elements
9x9 elements
Theoretical

} -20.0 0.0 20.0 40.0
Position (Degree)

Fig. 7 Midsection vertical deflection of the Scordelis-Lo roof under
its own weight.

free end (Fig. 5). The twisted plate has a small curvature
radius-to-thickness ratio, and undergoes large rotation to-
gether with bending behavior. For comparison, a beam model
with eight cubic elements is used as reference. Table 2 shows
the finite element results obtained from both shell and beam
models as well as an analytical solution from Frey.11 The
present shell element which has the in-plane rotation DOF
predicts the responses of this type structure accurately even
when a coarse mesh (1 x 12) is used. Shell models ignoring
the sixth DOF were shown11 to inaccurately predict the re-
sponse of the structure.

Shell Roof
The fourth benchmark problem is a thin cyindrical shell

roof, also known as Scordelis-Lo shallow roof, in which both
membrane and bending actions are significant. The particular
example originally solved by Scordelis and Lo12 has been
frequently used since for assessing finite element perfor-
mance,13-14 and hence, will be used here for comparison pur-
poses. Figure 6 shows the geometrical and physical charac-
teristics of the problem with the Young's modulus E = 30 x
103 ksi, Poisson's ratio v = 0.0. This shell roof is supported
at both ends on rigid diaphragms, and under the action of
self-weigh a) = 90 lbf/ft2. The vertical deflections at the mid-
section are investigated and compared with the existing results
as shown in Fig. 7, while the analytical solution is obtained
from Ref. 12. One-quarter of the shell is modeled by 3 x 3,
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6 x 6 , and 9 x 9 elements. A coarse mesh, 3 x 3 , gives
poor prediction, whereas finer meshes 6 x 6 and 9 x 9 give
results in close agreement with the exact solution.

Nonlinear Response
The fifth benchmark problem is intended to test the non-

linear capability of the shell element. The nonlinear response
of a square plate with various boundary conditions is com-
pared with an analytical solution.15 A simply supported iso-
tropic, square plate (length L = 1.2 m, Young's modulus E,
Poisson's ratio v = 0.316, and thickness h) is subjected to a
uniform transverse pressure P0. Due to the symmetry of the
problem, a quarter of the plate was analyzed with 4 x 4
biquadratic elements. Figure 8a shows the nondimensional
transverse displacement w = wlh at the center of the plate

Table 3 Natural frequencies of an anisotropic thick plant (S = 10)

f
C9
O -

Analytical
.*.J?resentJ5=300]
*" "Resent ~[S= 50J
""

a)
_ 40.0 A .

Load P=P0LVEh*

I
,

.2**"

b)
100.0 _ 200.0.

Load P=P0L V

n
l-e

EL/ET=40
GLT/ET=0.5
GTT/ET=O.S
•uLT=vTT=0.25

c)
200.0 _400-°A A 800-°

Load P=P0L YEh*

Fig. 8 Center deflection of a plate under uniform load: a) simply
supported isotropic plate, b) rigidly clamped isotropic plate, and c)
simply supported unidirectional composite plate.

m
1
1
2
2
1

n
1
2
1
2
3

Exact

<„
4.74

10.33
11.88
16.94
18.88

Present,

*,nn

4.729
10.379
11.960
17.056
19.580

4 x 4

-0.23
+ 0.47
+ 0.67
+ 0.68
+ 3.71

Present,

",„„
4.733

10.319
11.888
16.955
19.018

6 x 6

-0.16
-0.11
-0.06
+ 0.09
+ 0.07

vs the nondimensional P = P0L4/Eh4. A good correlation is
found between an analytical slution and the present formu-
lation for various aspect ratios (S = 300, 50, 20). Figure 8b
shows the corresponding result for a plate eigidly clamped
along its four edges. Finally, we turn to a simply supported
orthotropic square plate with stiffness moduli EJET = 40,
GLTIET = 0.5, and VTL = VLT = 0.25. Figure 8c shows that
the present results are in good agreement with the analytical
solution for high values of the aspect ratio, whereas for low
aspect ratio the present analysis predicts deflection about 10%
larger than the analytical solution. This discrepancy is prob-
ably due to the fact that the analytical solution neglected
shearing deformation and hence becomes inaccurate at low
aspect ratio.

Natural Frequency
The last benchmark probem deals with natural vibration

frequencies of simply supported, anisotropic square thick plate.
An analytical solution16 obtained from three-dimensional
elasticity theory is used for comparison. The following non-
dimensional natural frequency form is used:

m, n = 1, 2, 3, . . (29)

where cn is the elastic constant such that a, = cl7e7.; /, j = 1-
6 with cr, and 6j are components of the stress and strain.

A set of values with span L = 1.2 m, the thickness h =
0.12 m such that span-to-thickness ratio S = 10, and the
material properties:

El = 143.62 GPa, E2 = 74.40 GPa, G12 = 42.05 GPa

G13 = 25.58 GPa, G23 - 47.57 GPa, vl2 = 0.44 (30)

p = 1800 kg/m3, cn = 159.94 GPa

are used. Table 3 lists the present results which are in good
agreement with the analytical solution of Ref. 16, labeled
"Exact."

Practical Application
We now turn to a practical application for the bearingless

helicopter rotor blade problem. The Messerschmitt-Bolkow-
Blohm GmbH (MBB) bearingless tail rotor used in the BK117
helicopter is simulated.17 The flex-structure uses a fiber com-
posite bending-torsion flexure to accommodate flapping and
lead-lag deflections, as well as pitch control. Both shell ele-
ments and beam elements are employed to model this flex-
structure, and their results are compared.

The design of the MBB bearingless four-bladed tail rotor
system17 consists of two double units, with centrifugal loads
of opposing blades being carried directly within the fiberglass
flex-structure. A flat, rectangular plate attached to the hub
presents low flap stiffness, forming the "flapping hinge,"
whereas a cruciform cross-sectional structure lies between the
outboard of the flat plate and the inboard of the blade, pro-
viding the functions of "lead-lag hinge" and "pitch bearing."

The MBB rotor is 1.95 m in diam, with a rotation speed
of 211.8 rad/s. The flap stiffness, lead-lag stiffness, and mass
distribution along the span can be found in Ref. 17. The
torsional stiffness was measured to be 0.33 Nm/deg when there
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Front view
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Loading case
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Fig. 9 Geometry of the MBB tail rotor blade.

Shell model
Beam model

SI
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1L

b) Rotor speed (nominal)

Loading case
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Fig. 10 Southwell plot of the MBB tail rotor.

is no centrifugal force; at the nominal rotor speed, the tor-
sional stiffness was found to increase to 0.5 Nm/deg, based
on natural torsional frequency measurements. The funda-
mental frequencies are 26.0 rad/s in flap direction, and 110.0
rad/s in chordwise direction when the rotor is static, and that
fundamental frequencies are 1.043/rev in flap direction, and
0.685/rev in chordwise direction when the rotor is at the nom-
inal speed condition. Figure 9 shows a sketch of a single rotor
blade. Since the stability analysis of this system is beyond the
scope of this research, the damping materials mounted on the
cruciform structure to provide the lead-lag damping in the
original design of MBB will not be included in this simulation.

The MBB rotor is investigated with two models: 1) shell
and 2) beam models. In the shell model, the flex-structure
that consists of the fixed, flap, transition, and lead-lag-torsion

c) Rotor speed (nominal)

Fig. 11 Southwell plots for the MBB tail rotor under various loading
conditions: a) shell model, b) beam model, and c) torsion modes.

parts is modeled by shell elements, whereas the blade is mod-
eled by beam elements.18 A total of 42 9-noded Lagrangian
shell elements were used to model the flex-structure, whereas
6 4-noded beam elements were used to model the blade. The
warping displacement is assumed to be free at the flex-struc-
ture-blade interface. The beam elements used in this effort
are described in Ref. 18; they handle arbitrarily large dis-
placements and rotations of naturally curved and twisted an-
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Fig. 12 Deflections at the junction under flap and torque loads: a)
out-of-plane deflections and b) twist angle.

isotropic beams including transverse and warping deforma-
tions effects. The six degrees-of-freedom capability of the
shell element is very convenient to model the cruciform com-
ponents where shell elements intersect at a 90-deg angle. In
the beam model, the whole rotor system, i.e., both flex-struc-
ture and blade, are modeled using 10 4-noded beam elements.
Both models have the same static (i.e., flap, lead-lag, torsion,
and axial stiffnesses) and dynamic (i.e., mass distribution,
natural frequencies in flap, lead-lag, and torsion) character-
istics when the rotor blade is in a nonrotating condition, and
these characteristics match that of the MBB rotor system.

Figure 10 shows the South well plots for both models. Little
difference in flapping and lead-lag natural frequencies is ob-
served between the two models, whereas a significant dis-
crepancy in the torsion natural frequency between the shell
and beam models is apparent. This is consistent with the fact
that the geometric stiffness of a beam with an open section
depends on the distribution of axial stresses,5 and hence, can-
not be accurately predicted by a beam theory involving stress
resultant only. The shell model provides a better resolution
of the cross-sectional deformations, and hence, a more ac-
curate representation of this geometric stiffening effect.

Next, the natural frequency of the rotor blade subjected to
specific applied loads is investigated. These applied loads in-

100% speed
A Lead-lag force G= 60N
A Lead-Jag force G=i20N

& force _G=180N

Model type
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o = Beam model
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1
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A Lead-Jag force G=J20N
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A s= Shell model
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P

b)
2.0 3.0 4.0

Torque (N-m)

Fig. 13 Deflections at the junction under lead-lag and torsion loads:
a) in-plane deflection and b) twist angle.

elude a flapping load F = 1125 N acting at the blade tip, a
lead-lag load G = 60 N acting at the tip also, and a torque
T = 1 Nm acting at the junction between the flex-structure
and the blade, such that the resulting rotations at this junction
are out-of-plane slope A2 = 4.5 deg, in-plane slope A3 = 0.8
deg, and twist Al = 1.9 deg, respectively, when the rotor is
at nominal rotation speed and these loads are imposed indi-
vidually. The relationship between natural frequencies and
applied loads is shown in Figs, lla and lib for shell and beam
models, respectively. The symbol in the legend of the figure
refer to the rotor blade loading condition, for example, F 4-
G + T refers to the flapping load F, lead-lag load G, and
torque T being applied simultaneously. As observed from
these two figures, the first and second flapping and the first
lead-lag natural frequencies are little affected by the applied
loads, although the first torsion natural frequency is strongly
affected by the loading type. Figure lie focuses on the fun-
damental torsion natural frequency under various applied loads
for both shell and beam models. The nature of the model and
the loading condition significantly affect the torsional fre-
quency.

Next, the deflections of the rotor blade subjected to a flap-
ping load at the blade tip together with a torque at the junction
are investigated using the shell and beam models. Figure 12a
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Fig. 14 Torsional stiffness of the flex-structure for the beam and shell
models.

shows the tip transverse deflection of the rotor blade at nom-
inal speed. Little difference is observed between the shell and
beam models. This contrasts with Fig. 12b, which shows sig-
nificant discrepancies in the junction twist angle for the shell
and beam models.

The same phenomenon is observed when the rotor blade
subjected to a lead-lag load at the tip together with a torque
at the junction. Figure 13a shows the tip in-plane deflections
at nominal speed. Once again, little difference is observed
between the two models. However, the junction twist angle
shown in Fig. 13b is strongly affected by the model type.

Finally, the behavior of the torsional stiffness for the flex-
structure is investigated. In the nonrotating condition, both
shell and beam models have the same torsional stiffness of
0.33 Nm/deg for the flex-structure. When the blade is at nom-
inal rotation speed, the torsional stiffness evaluated by the
beam model is 0.40 Nm/deg, as shown in Fig. 14, while the
shell model is 0.53 Nm/deg, which is in close agreement with
the value of 0.50 Nm/deg reported in Ref. 17.

This study has uncovered significant differences in the tor-
sional behavior of the flex-structure of a bearingless rotor in
both static and dynamic cases when shell and beam models
are used. Torsional frequencies differ for the two models, and
are also differently affected by applied loads. Figure lie shows
that this torsional frequency can vary from 457 to 654 rad/s,
depending on the model type and applied loading. The shell
model can evaluate the torsional characteristics more accu-
rately than the beam model when comparing their predictions
with the data reported by MBB.17

Conclusions
In this article a nonlinear, anisotropic shallow shell for-

mulation was developed to model helicopter rotor flex-struc-
ture. This model includes the effect of transverse shearing
deformation, it can rationally handle highly anisotropic lam-
inated composite material and deal with arbitrarily large dis-
placements and rotations, although strains are assumed to
remain small. The model is computationally efficient and was
validated by comparing its predictions with those of various
analytical solutions for linear and nonlinear static deflections,
as well as natural vibration frequencies of both isotropic and
highly anisotropic materials. Excellent correlation was found

for overall deflections and local stresses, however, discrep-
ancies were observed for local stresses when the plates become
thick. Hence, this model should be adequate for predicting
the overall dynamic behavior of flex-structure. Application
of this shell model to a typical flex-structure revealed that the
structural dynamic behavior of flex-structure is affected by
shell-like deformation modes. This is particularly significant
for the torsion mode of the flex-structure. Systematic analyt-
ical and experimental investigations into the dynamic behav-
ior of composite flex-structures should be undertaken to im-
prove our understanding of the dynamic behavior of this
complex component which is at the heart of bearingless rotor
behavior.
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